Assigning Sensors to Missions with Demands
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Abstract. We introduce SEMI-MATCHING WITH DEMANDS (SMD), which
models the problem in sensor networks when individual sensors must be
assigned to sensing tasks. If there are multiple sensing tasks or missions
to be accomplished simultaneously, and if sensor assignment must be ex-
clusive, then this is a bipartite semi-matching problem. Each mission is
associated with a demand value and a profit value; each sensor-mission
pair is associated with a utility offer (possibly 0). The goal is a sensor
assignment that maximizes the profits of the satisfied missions (with no
credit for partially satisfied missions). SMD is an NP-Complete problem
which is as hard to approximate as MAXIMUM INDEPENDENT SET. There-
fore we investigate less difficult constrained versions of the problem. We
give a simple greedy A-approximation algorithm for a degree-constrained
version (A-SMD), in which each mission receives positive utility offers
from at most A sensors. For small A, we show that A-SMD is equiv-
alent to k-SET PACKING (with £ = A), which yields a polynomial-time
(A+1)/2-approximation. For A = 2, we solve the problem optimally
by reduction to maximum matching. Finally, we introduce a geometric
version which remains strongly NP-Complete but has a PTAS.

1 Introduction

A sensor network consists of a large number of small sensing devices that are
able to collect information about their surroundings. When a sensor network is
deployed in the field it may be tasked with achieving multiple, possibly conflict-
ing, missions. Hence, schemes that match sensor resources to mission demands
become necessary. If there are multiple sensors and multiple missions, we must
choose the best matching of sensors to missions. A given sensor may offer differ-
ent missions varying amounts of information (because of geometry, obstructions,
or remaining battery level, for example), or none at all.

Missions may vary in both importance (profit) and difficulty (demand), and
these properties need not be correlated. An ongoing surveillance mission may
be expensive but only modestly important, whereas an urgent mission for infor-
mation about one particular spot may be low-demand but very important. In
many applications, partial satisfaction will be no better than zero satisfaction.
If the goal of a given mission is to reconstruct the 3D shape of an object, for



example, then this may be accomplished with images from two cameras, but an
image from just one camera will be useless. Indeed, accepting the single image
could actually be harmful since the drain on the sensor’s battery could preclude
a future mission that might otherwise have been satisfiable. In our model we
only receive profit, therefore, from missions whose demands are fully met. Hence
the problem is to choose the “best” assignment of sensors to missions, in the
sense that profits from satisfied missions are maximized.

In this paper, we define the sensor-mission matching problem and show that
it is not just NP-Complete but extremely hard to approximate. As a result,
we suggest constrained versions for which approximation algorithms do exist. In
the first one, we bound the number of sensors that may offer contributions to
any single mission. This is a reasonable assumption in realistic settings in which
sensors have a limited sensing range and the sensors are distributed in such a
way as to limit sensing redundancy. Indeed, covering an entire field using as
few sensors as possible is an important problem in sensor networks (see Section
2). In the second constrained version, we assume that sensors and missions are
located at points in the plane or higher-dimensional metric space; we also assume
a bounded sensing range and a bounded density of sensors and missions. These
are reasonable assumptions for realistic settings in which sensors are physical
objects that exist in the world and that take up space, and that missions can be
similarly localized.

The rest of this paper is organized as follows. Section 2 discusses some related
work in sensor networks and in assignment problems. In Section 3 we formally
define the sensor assignment problem and study its computational complexity. In
Section 4, we introduce the degree-bounded version. We give a A-approximation
greedy algorithm for degree A and an efficient optimal algorithm for degree 2.
We also show that the problem is equivalent to A-SET PACKING, which yields
a (A + 1)/2-approximation. In Section 5 we introduce a geometric version and
give a shifting-based PTAS. Finally, Section 6 concludes the paper.

2 Related work

Sensor networks. The general problem of choosing sensors to achieve an
objective has received sizable attention lately. Several objectives of selection have
been considered. In [19, 21], for example, the authors look at solving the coverage
problem using the fewest sensors in order to conserve energy. The techniques used
range from dividing the nodes in the network into a number of sets and rotating
them, activating one at a time [19], to using Voronoi diagram properties [2] to
ensure that the area of a node’s diagram is as close to its sensing area as possible
[21]. Our work, however, focuses on contention between multiple missions with
varying profit values.

Sensor selection schemes have also been proposed to efficiently track and
locate targets, using several techniques. In [23], for example, the most informative
sensor for tracking a target is chosen based on the concept of information gain.
This information is then passed on to the next active node which is chosen by



considering the expected target’s path. The problem of target localization using
acoustic sensors is considered is considered by [14]. The goal is to minimize the
mean squared error of the target location as perceived by the active nodes.

There has also been some work in defining frameworks of the single and

multiple mission assignment problem which relates to what we examine here.
For example, [4] defines a framework for modeling the assignment problem using
notions of utility and cost. The goal is to find a solution that maximizes the utility
while staying under a predefined budget. In [17], a market-based approach is used
in which sensors provide information or “goods” and each sensor has a certain
budget. Our problem differs in two important respects. First, we maximize the
profits uncategorically; the only budget is the available sensors. Second, we do
not simply maximize total received utility. Solution quality for our problem is
more strict; it is based on the end result of satisfying missions.
Algorithms. Although we use the terminology of sensors and missions for
concreteness, SMD can be viewed as a more general problem of resource alloca-
tion. An alternative interpretation regards scheduling jobs on unrelated parallel
machines. As in other (maximization) scheduling problems [22], the goal is a
schedule that maximizes profit earned from jobs completed, subject to certain
constraints. The twist is that each job specifies not the set of machines that can
perform it, but the set of families of machines that can perform it. (A job may
be too difficult to be performed by any single machine.) The feasibility constraint
is that no machine can be assigned more than one “sub-job”.

We now relate SMD to the GENERALIZED ASSIGNMENT PROBLEM (GAP)
[7], which is a generalization of the well known BIN PACKING problem. Like in
BIN COVERING, bins in GAP have storage capacities and the task is to max-
imizes profits earned from storing items in the bins; the difference is that the
amount of space required to store a given item varies from bin to bin. Anal-
ogously, SMD can be viewed as a generalization of the less well known BIN
COVERING problem, in which the goal is to use the items to fill completely as
many bins as possible. The generalization is again that the space taken (utility
given) by an item (sensor) depends on the bin (mission) it is assigned to.

Many weaker and often fractional models of sensor-mission matching can be
reduced to maximal matching or network flow problems, and thus can be solved
optimally in polynomial time [1]. A survey of the different sensor selection and
assignment schemes including simple theoretical models of the problem can be
found in [20].

3 Problem definition

Given is a complete weighted bipartite graph, whose vertex sets consist of sensors
S = {51, ..., Sp} and missions {Mj, ..., M,, }. A positively weighted edge (.S;, M)
means that S; is applicable to M;. The weight of the edge (e;;) indicates the
utility (or quality of information) that S; could contribute to M; if this pairing
were chosen. Also given is a positive-valued demand d; associated with each
mission M, indicating the total utility the mission requires. What we seek is a



semi-matching of sensors to missions, so that (ideally) each mission demand is
satisfied. That is, a sensor may be assigned to at most one of the missions to
which it is applicable, but it is legal for a mission to accept utility from multiple
sensors. Of course, satisfying all missions may not be feasible; in general, the
goal is to maximize a weighted sum of the satisfied missions. We assume there is
a profit p; associated with achieving mission M;. We then seek to maximize the
total satisfied profit. Note that there is no profit awarded for a partially satisfied
mission in this model.

Unless there is structure in the weights of the sensor-mission edges, for ex-
ample if they relate to the geometry of node positions, we can assume without
loss of generality that each demand is 1. For each mission M; with demand d;,
simply divide edge value e;; by d; to obtain an instance with unit demands.
Unless otherwise stated, we will assume this normalization henceforth, though
it is sometimes convenient to allow for non-unit demands. With this in mind, we
define the problem formally.

Instance: A weighted bipartite graph G = (S, M, P, E), where S = {51, ..., S»}
is a collection of sensors, M = {Mjy, ..., M, } is a collection of missions, P =
{p1,...,pm} is a collection of positive mission profits, and F is a collection
of non-negative weights for the edges S x M.

Goal: Find a semi-matching F C FE (no two chosen edges share the same sen-
sor), in which ZM]-eA p; is maximized, where A C M is the set of missions

satisfied by F' (i.e., > ; yyep€ij =2 1).

It may be easier to understand the problem in its Integer Programming
formulation. The formulation below employs two sets of decision variables: y;,
indicating whether mission M is satisfied, and z;; indicating whether sensor
S; is assigned to mission M;. Finding a solution can be seen as a two-step
process: decide which missions to satisfy, and then decide how to satisfy them.
Each mission M; has a constraint requiring that the sum of utility received by
M; be at least the value y;, which is 0 or 1. When y; = 0, this constraint is
automatically satisfied.

Maximize: ). p;y;
Such that: > | z;;e;; > y;, for each mission M; € A,
Z;”:l z;; < 1, for each sensor S;, and
x;5 € {0,1}, for each variable z;; and y; € {0, 1}, for each variable y;

Note that if we had not normalized to unit demands, the first constraint
would be: Z?:l xijei; > y;d;, for each mission M; € A. The corresponding
linear program relaxes the constraint on each variable from {0, 1} to [0, 1].

Remark 1. This IP has unbounded integrality gap, since instances can be con-
structed in which OPTp = m/2 and OPTrp = 1, where m is the number of
missions. To create such an instance (see Fig. 1), introduce and connect a sepa-
rate sensor to each pair of missions, so that each mission has m — 1 neighbors,
and set all demands to m—1 and all profits to 1. Then setting all edge weights to
1/2 will clearly half-satisfy each mission, but only one can be satisfied integrally.



Fig. 1. Integrality gap instance.

A relaxed version of this problem, in which profits are awarded fractionally for
partial satisfaction and sensors can be assigned fractionally to multiple missions,
can be solved with this formulation by Linear Programming, and certain versions
can be solved by reduction to MAX-FLOW (see [20]), but this version cannot.

Proposition 1. SMD is NP-Complete and at least as hard to approximate as
MAXIMUM INDEPENDENT SET (MIS).

Proof. We do a gap-preserving reduction from the MIS (see Fig. 2). Let G =
(V,E) be a graph, with |V| = n, |E| = m. Our resulting problem instance has a
mission M; corresponding to each vertex v;, and a sensor s;; corresponding to
each edge e;;. Each sensor s;; will be connected to missions M; and M}, each
with a utility of 1. The demand d; of mission M; is set to deg(v;), and all mis-
sion profits are set to 1. (Notice that for any isolated vertex, the corresponding
mission will have 0 demand.) We include vertex v; in the resulting maximum
independent set iff mission M is satisfied. Because profits are set to unity, it
follows that the maximum independent set size will equal the maximum possible
profit. To see that the reduction is gap-preserving, simply set f1(z) = fa(y) =m
and a = 8 = 1 in the standard gap-preserving reduction definition. Finally, for
NP-Completeness, it is easy to verify positive instances of the corresponding
decision problem. QED

Fig. 2. Reduction of MAXIMUM INDEPENDENT SET to SMD.

Because of this reduction, known hardness results for MIS also apply to
SMD. MAXIMUM INDEPENDENT SET is the same as MAXIMUM CLIQUE on the
complement graph, and MAXIMUM CLIQUE is known to be hard to approximate
within |[V|*=¢ for any € > 0, unless NP=ZPP (and hard within [V|'/?~¢, even



Algorithm 1 A-Approximation Greedy Algorithm

1: for each mission M in order of decreasing P; do
2: for each still-available sensor S; in order of decreasing e;; do

3: assign S; to M;

4: if Mj; is satisfied then

5: break

6: end if

7:  end for

8: if M; is not satisfied then

9: return any sensors assigned to it
10:  end if

11: end for

without this assumption) [9]. This means that the best achievable approximation
ratio can be little better than m, i.e., satisfying only about one mission out of
m, which can be done by simple greedy algorithms.

We briefly note two special cases of this problem. The hardness properties
above apply to both special cases.

Profits = demands: Set p; to the original (pre-normalization) demand d;.
Cardinality: Set p; = 1, in which case the objective function is simply the
number of satisfied missions.

4 Degree-bounded approximation problem

Because of the difficulty of the approximation problem as defined, we will con-
strain it in order to render it more tractable. Let |OPT| indicate an optimal
solution to a given problem instance, and let |ALG| indicate a corresponding
approximate solution. We will say that an algorithm is a c-approzimation for
c>1life< ‘IgLPé:I‘

We will assume that the problem instance has bounded degree, in the follow-
ing sense. If a sensor S; makes a non-zero offer to a mission M}, then say that
S; is M;’s neighbor. Then the assumption is that no mission has more than A
neighbors, for some small constant A. (If all zero-weight edges are removed, this
is the same as saying A bounds the degrees of all mission nodes in the SMD
graph.) We call this problem A-SMD.

A simple greedy algorithm considers missions in decreasing order of profit.
For each mission, the algorithm assigns it available sensors in decreasing order
of offer utility, until the mission is satisfied. If the mission does not succeed,
then all sensors are returned. Assuming that m = O(nlogn), the running time
is O(mnlogn).

for every problem instance.

Definition 1. Let a star consist of a mission and o minimally satisfying set of
sensors for it. The sensor set is minimal in the sense that mo proper subset of
it would completely satisfy the mission in question. (Notice that a given mission



may in general be part of many stars.) Say that a mission is tight if it has degree
A and requires all A sensors in order to be satisfied. Two stars overlap if they
share one or more sensors, if they share a mission, or both, including the case
that the stars are identical.

Proposition 2. Algorithm 1 produces a A-approximation.

Proof. Let OPT be the chosen set of missions in some optimal solution, and let
ALG be the missions chosen by Algorithm 1. We want to show that OPT <

A-ALG, i.e., that
> ms ), Ay (M)
M;E€OPT M; €ALG

To prove Ineq. 1, we account for each term p; on the LHS with one of the terms
A-pj on the RHS. For each M; € OPT, say that M; charges to the highest-profit
mission M € ALG whose star overlaps with M;’s star, and write M; € ch(Mj}).
(There must be one such M;:.) Then let M, be an arbitrary mission in ALG.
M;: is either tight or not. Suppose tight, in which case that mission has only one
star. If M, € OPT, then only M itself charges to M; € ALG; if M; ¢ OPT,
then at most A stars in OPT can charge to M;, (those that share at least one of
its sensors). Now suppose M is not tight, so that it contains < A — 1 sensors.
Then at most A stars in OPT can charge to M, (those that share at least one
of its sensors, and possibly one that shares its mission). Thus we have

Y. pi<A-py (2)

M;ech(M))
By summing Ineq. 2 over all missions in ALG, we obtain Ineq. 1. QED

It is easy to construct an example with A + 1 missions to show that the A
bound is tight.

Corollary 1. By the MAXIMUM INDEPENDENT SET reduction, A-SMD (for
A > 3)is APX-hard [18]. Given the constant-factor-approxzimation of Algorithm
1, A-SMD (for A > 3) is APX-complete.

Proposition 3. 2-SMD is in P.

Proof. We reduce to the (weighted) maximal matching problem (see Fig. 3).
The node set for the resulting graph will consist of the 2-SMD instance’s sensors
and missions. Whenever a mission M; will be satisfied only by both its neighbors
Si1, Si2, draw an edge (S;1, Si2) with weight equal to the mission profit; whenever
a mission M; will be satisfied by a single sensor S;, draw an edge (.S;, M;) with
weight equal to the mission profit. Now find a maximal weighted matching in
this (non-bipartite) graph in polynomial time. Each selected edge corresponds
to a satisfied mission. It is clear that no sensor or mission will be used more than
once. The optimal solution values of the matching graph and the SMD are by
construction the same. QED
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Fig. 3. Converting SMD to graph.

Since the graph of a 2-SMD instance is sparse, the maximal weighted match-
ing can be found in time O(m?logm) [8], where m is the number of missions.
The time for the maximal matching is the dominant component of the running
time.

We now relate A-SMD and A-SET PACKING. These problems turn out to
be equivalent for A “small enough”. In the SET PACKING problem, we are given
a family of subsets of a universe of elements. Each subset has a positive weight.
The goal is to choose a max-weight family of subsets without using any element
twice. A-SET PACKING is the variant of SET PACKING in which each set has at
most A elements.’

Proposition 4. A-SMD reduces to A-SET PACKING, when A = O(lognm).

Proof. The idea of the reduction is that each star in our SMD instance will
become a set in the SET PACKING instance. Since a given mission may have
degree A, it can have O(24) many stars. Because of the bound on A, however,
the resulting SET PACKING instance will be at most polynomially larger than
the initial SMD instance size. We must also correct for missions that are tight. A
naive reduction will map such missions to sets of size A+ 1. Since a mission can
have only one tight star of size A, however, the mission need not be included in
the resulting star. Choosing a max-weight family of disjoint sets will now be the
same as choosing a max-weight set of disjoint stars. It is interesting to note that
the distinction between sensors and missions has now disappeared: no element
can be used more than once. QED

Proposition 5. A-SET PACKING reduces to A-SMD.

Proof. Each element in the A-SET PACKING universe will correspond to a sensor
in the resulting A-SMD instance. For each set in the A-SET PACKING instance,
we create a separate mission that requires all the sensors in this set in order to
be satisfied. Then each mission has degree at most A by construction. QED

For small enough A relative to problem instance size, A-SET PACKING and
A-SMD are equivalent. Therefore for such A, A-SMD can be converted from
a covering problem to a packing problem. An existing local search algorithm
from Berman [3] gives a (£32+¢)-approximation for A+1-CLAW-FREE MIS,

5 The parameter used is typically k, but we are interested in the case k = A.



which A-SET PACKING reduces to. (e is a running-time parameter, specifically,

a q kf 7 A+l approximation can be found in time polynomial in O(kn).) Hence

2
A41

there is a 5= approximation for A-SMD (for small A). It was recently shown
[10] that even for the cardinality version, approximating A-SET PACKING within
a factor better than ﬁ is NP-hard.

Following Jain et al.’s LP for FACILITY LOCATION [13], we can define a
simpler IP formulation in terms of stars. When A = O(lognm), there will only
be polynomially many stars for a single problem instance. For a given element
A (either sensor or mission), there will certainly be at most polynomially many
stars containing A. In the following IP, decision variable y; indicates that we
choose star t; we have a constraint for each element. Intuitively, this IP has the
advantage that it has just one set of decisions to make: which stars to pick? The
profit for a star is simply the profit for the mission it includes; each sensor or
mission can be used at most once.

Maximize: ), piy;
Such that: ZRt:ASeRt y; < 1, for each sensor or mission As and
yr € {0,1}, for each variable y;

Remark 2. This IP has integrality gap at least , since instances can be con-
structed in which OPTrp = % and OPTrp = 1, where m is the number of
missions. In fact, % is also a lower bound on the integrality gap of the first
IP formulation, in the case of bounded degree.

A+1
2

5 Geometric approximation problem

We now introduce GEOMETRIC SMD (or GEOMSMD), in which all nodes (i.e.,
sensors and missions) lie in the plane (or higher-dimensional space) and geomet-
rically inspired constraints are imposed. First, each sensor and mission now lie
at a particular point in the plane. Second, we assume sensors have a bounded
sensing range, i.e., e;; can only be non-zero when the distance between S; and
M; is less than this range. (Without loss of generality, let the sensing range be
1. In this case, every star will lie in a unit disk.) We also assume a geometric
analog to bounded degree, specifically an upper bound on the number of sensors
or missions contained in any unit disk. This constraint will be satisfied auto-
matically if the graph is drawn in a civilized manner [12], i.e, any two nodes
are separated by some minimum global distance A > 0. Hence GEOMSMD is a
special case A-SMD for some A.

The NP-hardness argument will involve the UNIT-DISK MAXIMUM INDE-
PENDENT SET (UD-MIS) problem [5]. That is the variant of MIS in which the
problem instance is the intersection graph of a set of unit disks lying in the
plane. Equivalently, UD-MIS can be defined so that given a set of points in the
plane, two points are connected by an edge iff their distance is strictly less than
a global constant. We will argue that the NP-hardness proof for UD-MIS also
applies to a density-bounded UD-MIS. The NP-hardness proof for UD-MIS
from [5] is recounted in [15].



Algorithm 2 Shifting PTAS (error €)
1: k—[2/e]; S=0
2: for each (i,7) € [0,k)? do
3:  lay the mesh with offset (i,7); Si; < 0
4: for each cell C; within the mesh do
5 Sij — Sij Uopt(Cy)
6: end for
7: if val(S) < val(S;;) then
8
9
10:

S — Sij
end if
end for

Proposition 6. GEOMSMD is strongly NP-Complete.

Proof. We reduce from 3SAT to UD-MIS [5,15] to GEOMSMD. Given the
3SAT instance, first apply the known UD-MIS reduction, which results in a
UD-MIS graph and a number k (there is an independent set of size k iff the
formula was satisfiable). It is clear that the resulting UD-MIS instance can be
drawn with at most O(1) disk per unit square (by inspection, at most 4 disks
intersect at any point, and squeezing a chain of 3 disks so that all 3 centers lie
in a unit disk will introduce a new edge). There are O(#vars - #clauses) disks,
clearly polynomial in the 3SAT size.

Now take this UD-MIS decision-problem instance (G, k) and convert it into
a GEOMSMD decision-problem instance (G’, k), by replacing each disk with a
mission at the disk’s center, and every maximal intersection of disks with a sensor
needed by all of them. Since each mission needs all the sensors lying in its disk
in order to be satisfied, k missions can be satisfied iff £ independent disks can
be chosen. Since in the UD-MIS construction each unit square contains at most
O(1) such intersections, in the resulting GEOMSMD instance, each unit square
will contain at most O(1) missions and O(1) sensors, and the sensing distance
is respected by construction. Thus we have reduced 3SAT to an instance of
GeEOMSMD. QED.

Since 3SAT is strongly NP-Complete, it follows that an FPTAS is impossible
for GEOMSMD. A PTAS, which we now give, is the best that can be hoped for.
We employ the shifting technique introduced by Hochbaum & Maass [11]. Within
a ¢ x c cell, there will be at most O(Ac?) sensors and missions, for some constant
A. As c increases, the area crossing an edge will be decrease. For 3 x 3 cells, for
example, the proportion inside with be 4/9. For a ¢ x ¢ cell, the internal portion
can be solved brute-force in time exponential in ¢ and A, but polynomial in the
problem instance size nm.

We now give a PTAS,% employing the shifting used by UNIT-DISK MAXIMUM
INDEPENDENT SET [16] (following the presentation in [6]). For now, assume for
simplicity that all points are bounded by a square region I of size polynomial

5 Although we focus on the plane, it is easy to extend to a fixed higher dimension D.



in the input size. Then for a desired error bound €, we can choose ¢ = [2/€].
Now lay a grid on the plane with integer coordinates and cells of size ¢ X c.
Each (4,7) € [0, ¢)? corresponds to a possible offset for the grid. For a given grid
position, we eliminate all sensor-mission edges that are not fully contained within
a single cell. Within any cell, there are O(Ac?) sensors and missions; therefore
we can find the optimal assignment by enumerating the O((ACZ)AC2) possible
assignments within a single cell. The solution for a given offset pair (z, j) is the
union of the solutions for the individual cells. We compute the solution for each
possible offset pair.

We now justify our initial assumption. If the points lie in an extremely large
region, then the method as stated may not run in polynomial time, since there
may be exponentially many cells to check. This can be easily fixed. First, notice
that there will be at most polynomially many non-empty cells. These can be
found by iterating through the point coordinates. For each non-empty cell, we
can “grow” it outward, to obtain a maximally non-empty region. Performing
this action on every non-empty cell (i.e., Union-Find) produces a polynomial
collection of independent regions. Now simply run the original algorithm on the
union of these independent regions, rather than on the entire space.

Proposition 7. Algorithm 2 is a PTAS.

Proof. Consider the optimal star-set OPT with total profit P,,;. By the Shifting
Lemma [11], there must be some vertical offset j that crosses a subset of OPT
with total profit at most P,p:/c. Similarly, there must be some horizontal offset
i that crosses a subset of OPT with total weight at most P,y /c. Therefore the
union of the cell optimal solutions for this (7,j) will be within factor 1 — (2¢ —
1)/c* = O(1 —2/¢) = O(1 — €) of the optimal. QED

6 Conclusion

In this paper, we introduced a sensor-mission matching problem. We analyzed
its complexity, defined constrained versions, and presented approximation algo-
rithms for them. There are many open problems, such as:

— Seek efficient combinatorial algorithms for GeomSM D with constant ap-
proximation ratio.

— Seek LP-based (A + 1)/2 approximations than run in bounded time.

— Close the approximation gap for A-SMD between A/In A and (A +1)/2.
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